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Abstract. In IKa| , as evidence for his conjecture in birational log geometry, 
Kawamata constructed a family of derived equivalences between toric orbifolds. 
In [FLTZ2] we showed that the derived category of a toric orbifold is naturally 
identified with a category of polyhedrally-constructible sheaves on R n . In 
this paper we investigate and reprove some of Kawamata's results from this 
perspective. 
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1. Introduction 

1.1. Coherent-constructible correspondence. The coherent-constructible cor- 
respondence (CCC), defined in I I.TZT1 ITr] and first described by Bondal Bo ], is an 
equivalence between a category of coherent sheaves on a toric n-fold and a category 
of constructible sheaves on a compact n-torus (S 1 )". An equivariant version of this 
correspondence can be viewed as a "categorification" of Morelli's description of the 
equivariant K-theory of a toric variety in terms of a polytope algebra [Mo . General- 
izing the familiar correspondence in toric geometry between ample equivariant line 
bundles and moment polytopes, the equivariant CCC provides an equivalence be- 
tween torus-equivariant coherent sheaves on a toric n-fold and constructible sheaves 
on R™, the universal cover of (S' 1 )™. 

The CCC was extended to toric Deligne-Mumford (DM) stacks in [FLTZ2] . Toric 
DM stacks were defined by Borisov- Chen- Smith in terms of stacky fans [BCSj . In 
this paper we consider toric orbifolds, which are toric DM stacks with generically 
trivial stabilizers. Let X-% be a complete toric orbifold defined by a stacky fan 
S = (N, E,p), where N S Z n , S is a simplicial fan in iVu := N ®z K — K n - 
It contains the torus T = (C*) n as a dense open subset. The CCC for the toric 
orbifold X-z is the following quasi-equivalence of triangulated dg categories: 

(1) k s : Perf T (A- s ) -A- Sh cc {M R ; A s ) 

where VeifT(Xs) is the category of T-equivariant perfect complexes on A's, and 
Sh cc (Mm; Ls) is a category of constructible sheaves on Mr (the dual space of JVr) 
characterized by a conical Lagrangian As e T*Mr determined by the stacky fan X. 
(The precise definitions of the categories in ([T]) will be given in Section[3]) Moreover, 
the functor is monoidal with respect to the tensor product of coherent sheaves on 
X-£, and the convolution product of constructible sheaves on Mr. Please note that 
since toric orbifolds are smooth DM stacks, the category Peiix(X) is the same as 
the category CoIit(X), and we will use both notations interchangeably throughout 
the paper. 

1.2. Fourier- Mukai Transforms. The coarse moduli space of the toric orbifold 
X-£, is the toric variety Xs defined by the simplicial fan S. The toric orbifold 
X-£, is the DM stack associated to a log pair (X^,B) in the sense of Kawamata 
[Kal Definition 2.1]. Kawamata considered pairs (X,B) of varieties and Q-divisors 
which have smooth local coverings. For such a pair he associated a DM stack 
X, such that p*(Kx + B) = Kx, where p : X — > X is the canonical map to 
the coarse moduli space. He conjectured that if there is an equivalence of log 
canonical divisors between birationally equivalent pairs, then there is an equivalence 
of derived categories of the associated DM stacks [Kal Conjecture 2.2]. He proved 
his conjecture for quasi-smooth toroidal pairs. Here we briefly describe his results 
in the toric case; please see [Kal Theorem 4.2] for the precise statements, in the 
toroidal case (which includes the toric case as a special case). Let X\ and X 2 be toric 
orbifolds associated to projective toric log pairs (Xi,B) and (X 2 ,C), respectively. 
Suppose that X\ and X 2 are if-equivalent |Waj in the sense that there exists a 
toric orbifold W and proper birational morphisms /Ltj : W — > Xi of toric orbifolds 
such that n\Kx 1 = n%Kx 2 - Then there is an equivalence of triangulated categories: 
D b Coh(X 2 ) = D h Coh{Xi). Indeed, Kawamata proved that if n\K Xl > H 2 Kx 2 ancl 
the birational map / : X\ — » X 2 is (1) the identity, (2) a divisorial contraction, (3) 
the inverse of a divisorial contraction, or (4) a flip, then the Fourier-Mukai functor 
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^12 = Mi* ° A*2 is fully faithful; it is an equivalence when [x\Kx^ = jJ, 2 Kx 2 - The 
McKay correspondence for abelian quotient singularities is a special case of (2) or 
(3). 

1.3. CCC and Fourier-Mukai transforms. It is natural to expect that Kawa- 
mata's theorem |Kal Theorem 4.2] holds in the equivariant setting, and that one can 
use CCC to give an elementary proof. The following square of functors commutes 
up to natural isomorphisms 

Verf T (X 2 ) — Sh cc {M m] A Sa ) 



Fl2 



VeTf T (Xi) — ^ 5/i cc (M K ;A Sl ) 

where are quasi-equivalences. So it suffices to prove that _F , 12 is cohomologically 
full and faithful in various cases (l)-(4). In this paper, we provide such elementary 
proofs in cases (1), (2), and (3). We describe Fi 2 and F[ 2 explicitly in terms of 
theta sheaves (see Section [3~3|) which are building blocks of the CCC. Our proofs 
do not rely on the vanishing theorems in |KMM) . 

Note that F\ 2 and F[ 2 do not preserve the monoidal structures. 

Remark 1.1. Although we are restricting to toric orbifolds, i.e. toric DM stacks 
with a generically trivial stabilizer, Proposition 3.1 of [FLTZ2 shows that for any 
toric DM stack X, the dg category Vetf T {X) = Perf T (A' rig ) where T is the DM 
torus acting on X, and the orbifold X ris is the rigidification of X. (See jFMN 
for definitions.) Thus the result of this paper implies the functor Perij- 2 (X 2 ) — > 
Veri-r 1 (Xi) is a quasi-embedding in cases (1), (2) and (3). 

1.4. A simple example: McKay correspondence for the Ai-singularity. 

X 2 = C 2 /Z2 is the Ai-singularity, X\ = Opi(— 2) is its crepant resolution, and 
X\ = X\ and X 2 — [C 2 /Z2] are the canonical toric orbifolds associated to X\ and 
X2 respectively. In this case both F[ 2 aud F 21 are equivalences, as shown in Figure 

m 

1.5. Outline. In Section [2J we give a brief introduction to toric orbifolds. In 
Section [3J we give a leisure exposition of the CCC of toric orbifolds; we also state 
the CCC for toric varieties. In Section |H we elaborate Kawamata's theorem in the 
equivariant setting from the perspective of constructible sheaves. 



Acknowledgments. We thank H.-H. Tseng for bringing [Kal Theorem 4.2] to our 
attention. We thank Y. Kawamata for his helpful comments on a draft of this 
paper. 

2. Toric Orbifolds 

In [BCS , Borisov-Chen-Smith introduced toric DM stacks. In this paper we will 
consider the case of toric orbifolds. A toric orbifold is a toric DM stack with trivial 
generic stabilizer. 



^We use F[ 2 instead of F12 since the notation without prime is reserved for the induced functor 
on constructible sheaves. 
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(a-1/2, b-1/2) 




(a+1/2, b-1/2) 




1/2, b-1/2) 



1/2, b-3/2) 



Figure 1. a,b are integers. The sheaves are costandard sheaves 
supported on the shaded area (see Section [3721 for the definition). 

2.1. The Stacky Fan. Let N = IT be a free abelian group, and let E be a 
simplicial fan in TVr := N (g>z R = K™. The pair (AT, E) defines a simplicial toric 
variety Xy, of dimension n (see |Fuj). Let S(l) = {pi, . . . , p r } be the set of 1- 
dimensional cones in the fan E, and let i>j e AT be the unique generator of the 
semigroup pi PI A 7 ", so that pi(~] N = Z>oi>i. 

A stacky fan S is defined as the data (Af, £, /3), where 



is a group homomorphism sending 6^ to hi = UiVi 6 Z>oUj. If Jij = 1 for i = 1, . . . , r 
then the corresponding map is denoted by /3 can . We assume that {vi, . . . ,v r } span 
A^r, which implies the cokernel of f3 : N — > N is finite. 

Example 2.1. N — 1? , N = 1? . The fan E and the map (3 are shown in Figure 



j3:N:= ®l =1 Zbi ~ IT ->• AT = Z ; 



'/J 




N = Z 



3 



/3=£ca„ = 



1 -1 
-2 1 



-±» N = Z ; 



2 



FIGURE 2. The stacky fan £ = (AT, £,/?), with S and /3 shown 
above. The dots are bi = (1,0), b 2 = (-1, -2), and b 3 = (0, 1). 



We next consider a 1-dimensional example in which /3 ^ /3 C an- 
Example 2.2. N = Z, N = Z. X7ie /an E and i/ie map /3 are shown in Figured 
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• ■ • ~ /3=[ 3 -1 ] 

-io 3 N = 1 > N = Z. 

Figure 3. The stacky fan £ = (N, £,/3), with E and /3 shown 
above. The larger dots are b\ — 3 and b 2 = — 1. 

2.2. Construction of the Toric Orbifold. Let M = Hom(A;Z) be the dual 
lattice of N, and let M = Hom(M; Z) be the dual lattice of N. Since /3 : N -> N 
has a finite cokernel, the dual map j3* : M — > M is injective. Applying Hom(— , C*) 
to the following short exact sequence 

-»• M A M A coker(/3*) -> 0, 

we obtain another short exact sequence 

1 — > Gs ->• T — ► T -» 1, 

where G E := Hom(coker(/3*), C*) is isomorphic to the direct product of (C*) r ~" 
and a finite abelian group, and 

f = Hom(M,C*) ~ (C*) r , T = Hom(M,C*) = (C*) n . 

The torus f = (C*) r acts on C = SpecC[zi, . . . , z r \. Let J E C C[zi, . . . , z r ] be 
the ideal generated by {Jlp^cr Zi \ a E E}. (Note that the ideal Is depends on N 
and E but not on (3.) Let Z(I^) C C be the closed subscheme defined by 7 E , and 
let U-e = C r — Z(Ix), which is a Zariski open set of C r . We define to be the 
quotient stack: 

X s = [Uv/Gx]. 

The simplicial toric variety A E defined by E can be identified with the geometric 
quotient 

A E = f/ E /G E can, 
where £ can = (jV, E,/3 can ). We have a 2-cartesian diagram 

— C/ s 
Xt. — - — > A E , 

where 

(2) p{z lt ...,Z r ) = (z?,...,Z?). 

We have the following properties regarding to Xs : 

• X-£. is an orbifold, i.e. it is a smooth DM stack with generically trivial 
stabilizers. 

• There is an open dense embedding T = T/Gs X^ — [U^/Gs], and the 
action on T on itself extends to a T-action on X^ . 

• The coarse moduli space of the orbifold A" E is the simplicial toric variety 
As- The projection p : X-g, — > As restricts to the identity map from T to 
itself. 
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Example 2.3 (P(l,l,2): Example O continued) . The stacky fan £ = (N,Y,,j3) 
is defined as in Example \2.1i Taking Hom(— , C*) of the following exact sequence 



-> M = (Z 2 )* 
produces 



1 

-1 -2 
1 



> M = (Z 3 )* 



1 1 2 



^ Z 0. 



1 ->• G s = C* — ► T = (C*) 3 — ► T = (C*) 2 -> 1. 

The map Gs — > T is given by A h- > (A, A, A 2 ). Therefore, the toric orbifold is 
defined as 

Xn= [(C 3 -{(0,0,0)})/C*] =P(1,1,2). 

where C* acts on C 3 &?/ A • (zi, Zi, Z3) = (Azi, Az2, A 2 Z3). XTie corresponding coarse 
moduli space is the following simplicial toric variety 

X s = (C 3 - {(0, 0, 0)})/C* = P(l, 1, 2). 

It has a unique singularity at [0, 0, 1]. 

Example 2.4 (P(l,3): Example O continued) . The stacky fan £ = (N,T,,j3) is 
defined as in Examvle \2.2[ Then /3 can = [1 — 1] : Z 2 — > Z. There is a commutative 
diagram 



(3) 



G s = C* 



■ T = (C*) 2 



■T = 



1 ■ 



G 



■ T = (C*) 2 



1 



where the rows are short exact sequences of abelian groups. The arrows are group 
homomorphisms given explicitly as follows: 



0(A) = (A, A 3 ), 7t(t U t 2 ) = t{t 2 \ 0can(A) = (A, A), TTcanttl Ja) = <1* 



2 1 



p(A) = A 3 , p(ti,t 2 ) = (t?,t2), p(t)=t. 
TTie toric orbifold defined by Ti is a weighted projective line: 

[(C 2 -{(0,0)})/C*] =P(1,3), 

where C* acis on C 2 by X ■ (21,22) = (Azi, A 3 2:2). TTie coarse moduli space is the 
projective line: 

X s = (C 2 -{(0,0)})/C*, 

where C* acis on C 2 by X ■ (zi, Z2) = {Xz±, Xz 2 ). 

We say is a complete toric orbifold if E is a complete fan in iV~R, or equiv- 
alently, the coarse moduli space X-% is a complete toric variety. For example, 
P(l, 1, 2) and P(l, 3) are complete toric orbifolds. 



CCC AND FOURIER-MUKAI TRANSFORMS 



7 



2.3. Divisors and line bundles. Let Di C f/s be the divisor defined by Zi = 0, 
and let Di and T>i denote the corresponding T divisors in and X-%, , respectively. 
Let p : Xs — > Xs be the canonical map to the coarse moduli space. By ©, 
p*Di = n{Di. 

In general, Di is a Q-Cartier divisor: there exists some positive integer k such 
that Ox s (kDi) is a line bundle on X^. On the other hand, Ox s (T>i) is always a 
line bundle on the toric orbifold Xs. Indeed, any T-equivariant line bundle on Xs 
is of the form 

r 

= OatE CiX,i )' c = ( Cl , . . . , c r ) e Z' r . 

i=l 

2.4. Relation to log pairs. In [Kaj . Kawamata considers pairs of varieties with 
Q-divisors which have local covering by smooth varieties, and associates a Delignc- 
Mumford stack to such a pair |Kal Definition 2.1]. We now relate toric orbifolds to 
the Deligne-Mumford stacks in [Kal Definition 2.1]. 

Let Xs be the toric orbifold defined by a stacky fan S = (N, S, and let Xs be 
the simplicial toric variety defined by the simplicial fan X C Nr. Let p : X-% — > X-% 
be the canonical map to the coarse moduli space. Let m G Z>o be defined as before. 
Define a Q-divisor 

on X. Then the pair (Xs, B) satisfies the condition in |Ka| Definition 2.1], and the 
associated Deligne-Mumford stack to this pair is exactly X^. Let Kx-^ and Kx s 
denote the canonical divisors on X-^ and Xu, respectively. We have the following 
identities: 
(4) 

r r I T 

K Xs = -Y,D t , K x *+B = -J2—D il p*{K Xs +B) = -J^V i = K Xs . 

%—\ i—l %—l 

In particular, when m = • • ■ = n r = 1, B = 0, and the Deligne-Mumford associated 
to the pair (Xs, 0) is As can . 



3. Coherent- Constructible Correspondence 

The coherent-constructible correspondence relates equivariant coherent sheaves 
on a toric orbifold of dimension n to certain constructible sheaves on a real vec- 
tor space of dimension n. Before we give the precise statement of the coherent- 
constructible correspondence, we need to review some definitions. 

We will use the language of dg categories throughout. If C is a dg category, then 
hom{x, y) denotes the chain complex of homomorphisms between objects x and y 
of C. We will continue to use Hom(i, y) to denote horn sets in non-dg settings. 
We will regard the differentials in all chain complexes as having degree +1, i.e. 
d : K l — > K l+1 . If if is a chain complex (of vector spaces or sheaves, usually) 
then h l (K) will denote its ith cohomology object. If C is a dg category, then 
Tr{C) denotes the triangulated dg category generated by C, and D{C) denotes the 
cohomology category H(Tr(C)). The triangulated category H(Tr(C)) is sometimes 
called the derived category of C. 
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3.1. Coherent and quasicoherent sheaves on toric orbifolds. We refer to 
[Vil Definition 7.18] for the definitions of quasicoherent sheaves, coherent sheaves, 
and vector bundles on a general Deligne-Mumford stack. If X is a Deligne-Mumford 
stack, let Q(^x) nmve denote the dg category of bounded complexes of quasicoherent 
sheaves on X, and let Q(X) denote the localization of this category with respect to 
acyclic complexes. We use Verf(X) C Q(X) to denote the full dg subcategories con- 
sisting of perfect objects — that is, objects which are quasi-isomorphic to bounded 
complexes of vector bundles. 

We now spell out the above definitions for a toric orbifold As = [Us/ Gs] . By |Vi[ 
Example 7.21], the category of coherent sheaves on X-%, is equivalent to the category 
of Gs-equivariant coherent sheaves on Us. Similarly, the category of quasicoherent 
sheaves on Xs is equivalent to the category of Gs-equivariant quasicoherent sheaves 
on Us- Therefore, 

(5) g(* E ) = Q Gs (Us), ^erf(A-s) = Pcrf Gs (*7 E ). 

We define the category of T-equivariant coherent (resp. quasicoherent) sheaves on 
X to be equivalent to the category of T-equivariant coherent (resp. quasicoherent) 
sheaves on U: 

(6) Qt(* s ) = Qf(U s ), Vett T (Xv) = Vexi f {Us). 

There is a monoidal product structure ® on these various dg categories of sheaves 
on Xs, simply given by the tensor product of quasi-coherent sheaves on Us- 

3.2. Constructible sheaves. We refer to |KSj for the microlocal theory of sheaves. 
If X is a topological space we let Sh(X) denote the dg category of chain complexes 
of sheaves of C- vector spaces on X, localized with respect to acyclic complexes (see 
[Drj for localizations of dg categories). If X is a real-analytic manifold, Sh c (X) 
denotes the full subcategory of Sh(X) of objects whose cohomology sheaves are 
bounded and constructible with respect to a real-analytic stratification of X. De- 
note by Sh cc (X) C Sh c {X) the full subcategory of objects which have compact 
support. We use D C {X) and D CC (X) to denote the derived categories D{Sh c (X)) 
and D(Sh cc (X)) respectively. 

The standard constructible sheaf on the submanifold iy '■ Y <— ^ X is defined as 
the push-forward of the constant sheaf on Y, i.e. iy*Cy, as an object in Sh c (X). 
The Verdier duality functor V : Sh°(X) — > Sh c (X) takes iy*Cy to the costandard 
constructible sheaf on X. We know T>{iy* < Cy) = iy\T>(<Cy) = iy\uy. Here uy = 
T>(Cy) — oty[dim Y], where ovy is the orientation sheaf of Y (with respect to the 
base ring C). 

We denote the singular support of a complex of sheaves F by SS(F) C T*X. If X 
is a real-analytic manifold and A C T*X is an M>o-invariant Lagrangian subvariety, 
then Sh c (X;A) (resp. Sh cc (X;A)) denotes the full subcategory of Sh c (X) (resp. 
Sh cc (X)) whose objects have singular support in A. For any open subset U C X, 
the singular support of the associated standard and costandard sheaves are given 
by the following theorem. 

Theorem 3.1 (Schmid-Vilonen). 

SS(i\U)u) = lim r_ edlogm , SS(i*Cu) = lim r edlogm . 

where m : Mr — > R>o, m L. > 0, m L r; = 0. 
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Example 3.2. Let U = (0,1) C R. Figure [J] depicts the standard Lagrangian 
on U in T*R = R 2 , while Figured depicts the singular supports of standard and 
costandard constructible sheaves supported on this interval. 



— x(l — x) 




log m = log x + log(l — x) 



dloem 




Figure 4. The graphs of m, logm and dlogm. The graph of 
dlogm is the standard Lagrangian over U. 



(1,0) 



(0,0) 



(0,0) 



(1,0) 



SS{iXu) SS(i t uu) 

Figure 5. Singular supports of standard and costandard sheaves 
associated to U — (0, 1) 



Given a submanifold Y C X, let TpX denote the conormal bundle of Y in X. 
TyX is a Lagrangian submanifold of T*X. 

Example 3.3 (open sets with smooth boundaries). Let U be an open subset o/R", 
and suppose that the boundary dU is a smooth n — 1- dimensional submanifold of 
R" . ( This includes Example \3.3\ as a special case.) 

Let v : dU — > T^yR™ be a nowhere zero section such that v x {vx) > if v x is an 
outward normal at x G dU . Then 

T^W 1 = U x {0} c T*R™, TqjjW 1 = {(x, tv x ) I x G dU, t G R}. 

SS(iXu) = T^R" U {(x, tv x ) \ xedU,t< 0}, 

SS(iiuu) = T^R™ U {(x, tv x ) \ x € dU,t> 0}. 

-For example, let D be an open disk in R 2 , and identify conormal vectors with normal 
vectors. The singular supports of i*Co and are depicted in Figure® below. 

Example 3.4 (manifold with corners). We can also consider an open set U in R™ 
such that the closure U of U is a manifold with corners. For example, an open 
square R in R 2 . 
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SS(i*Cd) SS(i\u)D) 



Figure 6. Singular supports of standard and costandard sheaves 
associated to an open disk Del 2 



SS(i\u R ) 



Figure 7. Singular supports of standard and costandard sheaves 
associated to an open square R C ffi. 2 



There is a monoidal structure * on the dg category Sh c (X) when X is an abelian 
group, given by the convolution product of constructible sheaves: 

F*g = a\( £J%G ), 

esh(xxx) 

where a : X x X — > X is the addition map of the abelian group X. This product 
turns out to be a tensor product (commutative monoidal). 

3.3. Theta sheaves. In [FLTZ2) we have introduced the concept of theta sheaves, 
as building blocks of coherent-constructible correspondence. Let Xj: be the toric 
orbifold defined by a stacky fan £ = (N, S, ff). 

3.3.1. Quasicoherent theta sheaves. The quasicoherent theta sheaves are certain T- 
equivariant quasicoherent sheaves on X-% that arise in the Cech resolution with 
respect to an equivariant open cover of X-£. We first describe this open cover. 
Given a (i-dimensional cone u£E, let z a = ^ a Zi. Then 

u„ = {( Zl , . . . , Zr ) g cr I z a ± o} s c d x (c*y~ d 

is a Zariski open subset of 

Ujs=\J U„, 

The open embedding U„ Us descends to an open embedding of stacks: 
j a : X a := [U a /G s ] ^ = [Ujs/Gj:]. 

Then {X a | cr G S} is an open cover of X-%. 

We now describe T-equivariant line bundles on X a , or equivalently, the T- 
equivariant line bundles on U a . We first introduce some notation. 

• Let Mr := M ® K be the dual vector space of JVk, and let (— , — ) : Mr x 
JVr — > R be the natural pairing. 
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• Given a d-dimensional cone a G £, let N a C N be the subgroup generated 
by {fo | pi C er}, and M CT be the dual lattice M CT = Hom(iV ff ,Z). Then TVo- 
and M CT are free abelian groups of rank d. Let {— , — ) a : M a x N a —> Z be 
the natural pairing. 

The T-equivariant line bundles on A^. are in one-to-one correspondence with the 
elements in M a . Let Ox a (x) denote the T-equivariant line bundle on X a associated 
to X e M a . 

We define the quasicoherent theta sheaf 6'(cr, x) to be the pushforward of Qx a (x) 
under the open embedding j a : X a ^ As. 

Q'(a, X ) := j„.0 Xr (x). 

3.3.2. Constructible theta sheaves. For a cone er £ £ and a character x G M^, we 
fix the following notation: 

o% = {xe M R (x, v) > (x, v) a , veN a n a}, 
{a y x )° = {x€Mu\(x,v)> (x,v) a , vGN a f)a}, 

a x = {x g Mr|(x,«) = (x,v) a , v g N a n a-}. 

We define the constructible theta sheaf 9 (ct, x) to be the costandard constructible 
sheaf associated to the open set (<x^)° in Mr. 

0(er, x) := i( CT v)o|a;( CT v)D G Ob(Sh c (M R )), 

where i(erV)o : (cr^)° Mr is the inclusion. 

3.4. The coherent-constructible correspondence. The theta sheaves are in- 
dexed by the set 

r(£) = {(cT,x)|<7G£,xGM CT }. 

We define a partial order on F(S): 

(o-i,Xi) < (o"2,X2) if and only if (ai)^ c (o- 2 )^ 2 . 

The "linearized" dg category F(S)c consists of objects (er, x) £ T(S) and the 
following morphisms with obvious composition rules 



hom((ax,xi), (02, X2)) 



C[0],if (cr 1 ,Xl)<(cr 2 ,X2); 

0, otherwise. 



It is proved in |FLTZ2j that 

hom Q T (x s ) (9'(o"i, Xi), 6'(cr 2) X2)) 

(7) =/iom Sfec (ju ]E )(e(cri,xi),B(cr2,X2)) 

=/iom((<Ti,xi), (0-2, X2)) 

for any (cri,Xi), (02, X2) G L(S). 

Let (resp. (0')e) be the full triangulated subcategory of Sh c (Mg.) (resp. 

Qt(X-e)) generated by all Q(a,x) (resp. 0'(er,x))- Then © implies that (0} s 
and (0'}s are quasi-equivalent as triangulated dg categories. We proved that this 
quasi-equivalence is monoidal: 

Theorem 3.5. There is a quasi-equivalence monoidal functor ks : (0')e — >• (0)e, 
which sends 0'(cr, x) 0(V) x) / or (^x) £ T(S). 



12 BOHAN FANG, CHIU-CHU MELISSA LIU, DAVID TREUMANN, AND ERIC ZASLOW 



By Cech resolution, the dg category of coherent sheaves 'PerfT(< ; ts) is a full 
subcategory of (0')s, as shown in }FLTZ2j . Restricted to VcririXs), the functor 
ks is a quasi-embedding (full and faithful at the cohomology level). We have 
characterized the image KsCPerfj^A/s)) as a full sub-category of (0)s, as in the 
following theorem. 

Theorem 3.6 (coherent-constructible correspondence for toric orbifolds). Let Xs 

be a complete toric orbifold defined by a stacky fan X = (JV, E,/3). Then there is a 
quasi- equivalence of monoidal triangulated dg categories: 

«s : Ved T {Xs) ^ Sh cc {M K ,Ax). 

In the above theorem, the dg category Sh cc (M^, A s ) is the full dg subcategory 
of S7i cc (Mr) on X-£. whose objects have singular support inside As. It is closed 
under the monoidal product *. The conical Lagrangian (R>o-invariant Lagrangian 
in T*Mr) is defined directly from the stacky fan X = (N, E, /3). 

As = (J (T^r x (-a) C Mr x N m = T*M m . 

By definition As is a conical Lagrangian in T*Mr, and is invariant under (x,y) <— > 
(x + m,y), m £ M. 

Remark 3.7. It is particularly easy to describe what the functor ks does to 
Q-ample equivariant line bundles. Recall that any T-equivariant line bundle on 

X = Xs is of the form = Qx{c\D\ H c r V r ), where T>i denotes the T-divisor 

associated to the ray pi £ S(l), and ci,...,c r £ 1 are integers. We say £g is 
Q-ample if there is some positive integer n such that £f n is the pull back of an 
ample line bundle on the coarse moduli space. If is Q-ample then 

A c -= {x £ M R I (x, bi) > -Ci} 

is a convex polytope in Mr. The interior AS of Ag is a bounded open set in Mr. 
Let i : AS =— > Mr be the inclusion. Then 

We have also proved a coherent-constructible correspondence for the coarse mod- 
uli space Xy, [FLTZlj . Indeed, we prove the following for any complete (not neces- 
sarily simplicial) toric varieties: 

Theorem 3.8 (coherent-constructible-correspondence for toric varieties). Let Xy. 
be a complete toric variety defined by a fan E C Nth. Then there is a quasi- 
equivalence ot monoidal triangulated dg categories: 

ks : Perf T (X s ) -A- Sh cc (M R , A E ). 

The category S/i cc (Mr; As) is similarly defined as the subcategory of 5/i cc (Mr) 
whose objects have singular support in a conical Lagrangian 

A s := [J (a^ + x) x (-cr) C Mr XN R = T*Mr, 

where cr = {a; G Mr | u) = for all w e a}. 

The theorem above can be considered as a "categorification" of Morclli's theorem 
[Moj . Let Lm(Mr) be the group of functions generated over Z by the indicator 
functions lp of convex lattice polyhedra P, and let 5m (Mr) be the abelian group 
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generated by rational convex cones in Mr. Then S'm(Mr) is the group of germs of 
functions in Lm (Mr) at the origin (or any point in the lattice M). Let Si: (Mr) be 
the subgroup of Sm(Mr) generated by {a v \ a G E}. 

Theorem 3.9 (Morelli). Let X^ be a smooth projective toric variety. Then there 
is a group isomorphism Kt(Xs) — > Ss(Mr), Cg i-> Iaj, £>3 ample. 

Bondal has also proved a similar relation between (non-equivariant) coherent 
sheaves and constructible sheaves |Boj . characterized by a stratification. 

Theorem 3.10 (Bondal). Let A"s be a smooth projective variety defined by a fan 
E, with some additional assumption on E. 

D b Coh{X^) et DSh c {M M /M,S) 

where S is a stratification on the compact torus Mr/M = (S 1 )™ determined by E. 

Example 3.11 (Example 12.41 continued) . Let the stacky fan S be as in Example 
\2.4\ which defines the toric orbifold P(l,3). The conical Lagrangians As and As 
are shown in Figure f3l 























1 





1 


-1 -2/3 -1/3 


1/3 2/3 


1 



A s A s 

FIGURE 8. The conical Lagrangians As and As for S defined 
in Example 12.21 The horizontal direction is Mr and the vertical 
direction is A*r. 



Example 3.12 (Example 12.31 continued) ■ (1) T-equivariant ample line bundle 
on P 1 ; 0{c 1 D 1 + c 2 D 2 ), ci,c 2 6Z, c x + c 2 > 0. 

A Cl,C2 = i X G R I X > _C 1' ~ X > _C 2) = (-Cl: C 2) 

(2) T-equivariant Q- ample line bundles on P(l, 3): 0(ci2?i +C2P2), ci,C2 G Z, 
^ + C2 > 0. Le£ p : P(l,3) — S> P 1 be the projection to the coarse moduli 
space. Then p*D\ = iT>i, p*D 2 = T> 2 . 

A° iiC2 = {x e K I 3a; > -ci, -a: > c 2 } = (-y,c 2 ). 

4. Fourier-Mukai Transformation: A Constructible Perspective 

In this section, X\ and X 2 are always simplicial toric varieties defined by sim- 
plicial fans Ei and E2 in JVr, respectively; B and C are effective toric Q-divisors 
on X\ and X 2 , respectively, such that (Xi, B) and (X 2 , C) are toric log pairs as in 
Section [2^41 Let X\ and X 2 be the toric orbifolds associated to the pairs (Xi,B) and 
(X 2 , C), respectively. Assume there are proper birational morphisms fii : W —¥ Xi 
and fi2 ■ W — > X 2 for some variety W such that ^*(ATxi + B) > \i 2 * (Kx 2 + C). 
Kawamata conjectures that there exists a full and faithful functor of triangulated 
categories 

F[ 2 = IM U o n* : D b Coh{X 2 ) -> D h Coh{X 1 ) 
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in [Kaj . where pi : W — > Xi are the morphisms for the corresponding stacks, by 
an abuse of notation. If the inequality above becomes an equality by invoking this 
conjecture in both directions, F[ 2 is then an equivalence of triangulated categories. 
Passing Kawamata's argument to the language of constructible sheaves via Theorem 
13 -61 this Fourier-Mukai fully faithful functor arises from intuitive combinatorial 
argument. This section elaborates Kawamata's theorem from the perspective of 
constructible sheaves, proving some cases discussed in [Kaj . in the equi variant and 
dg setting^ 

We introduce some notation: 

(1) The Fourier Mukai functors are F{ 2 = pu o p 2 an d F 21 — p 2 * ° A 4 *- 

(2) Let Di t i (rcsp. Pi,j) denote the T-divisor on X\ (resp. X\) associated to 
the 1-dimensional cone pi £ 

(3) Let £>2,i (resp. £>2,i) denote the T-divisor on X 2 (resp. X 2 ) associated to 
the 1-dimensional cone pi £ £2(1)- 

(4) Let D[ (resp. T>[) denote the T-divisor on W (resp. W) associated to the 
1-dimensional cone pi £ S'(l). 

(5) Let pi : Xi —> Xi be canonical map to the coarse moduli. 

Wc have 



S = E( 1 -^ ! C = £(1-1)1* 



2.i, 

Si ' 

where 7*j, Si are positive integers. Then 

P*Di t i = nDi,,-, p 2 D 2 ,i = SiD 2 ,i. 
Note that from the construction of Xi, 

p\ (K Xl +B) = K Xl , p* 2 {K X2 +B) = K X2 . 

4.1. Toric orbifolds with the same coarse moduli space. In the first case of 
|Ka[ Theorem 4.2] , Kawamata shows that if X\ = X 2 = X and Kx ± +B > Kx 2 +C, 
then the Fourier-Mukai functor 

F[ 2 = fi u o p* : Coh(X 2 ) -> Coh(Xi) 

is fully faithful. 

Recall from Section [2] that N — I/ 1 , and S is a simplicial fan in Nr. The 1-cones 
S(l) consists of rays p\, . . . , pi, and the generating set of S(l) n N is {v\, . . . , v r }. 
Let /3i and f3 2 to be maps (where Vi are regarded as column vectors below) 

Pi = [ riV! ■ ■ ■ rm ] : l) — > N = T\ 
(3 2 = [ s lVl ••■ s lVl ] : Z l -^N = Z n . 

/From the stacky fans Sj = (N, S,/?i) one defines two toric DM stacks X\ = X-£. x 
and X 2 = X-£ 2 . They have the same coarse moduli space X = X% given by the fan 
S as a toric variety. 

Let W = X\ Xx X%. It is the toric orbifold defined by the stacky fan X' = 
(iV, £,/?'), where 

P'=[t lVl •■• Uvi } :7L l — )-iV = Z n , t i = l.c.m.(r i ,s i ). 



2 Although not explicitly stated, Kawamata's proof is essentially equivariant in IKa| . 



CCC AND FOURIER-MUKAI TRANSFORMS 



15 



We have the following diagram 

W 





X^ X 2 

PI P2 

' X 



where Pi is the morphism from X t to their common coarse moduli space X . Given 
a 1-dimensional cone p, L G let D i: T> 2 a, and T>[ denote the associated 

T-divisors on X, X\, X 2 , and W, respectively. Let rm = — G Z and rii = — G Z. 

I l 1 / 1 

Jf x = -^A, fl = £(i--)A, C = ^(i--)A 

1 1 S Z 

z— 1 z— 1 z— 1 

i I 
p\{K x +B) = -J2 A,z = K Xl , p* 2 (K x + C) = -J2 ^2,z = K X2 



ti K xi = - E m ^ & K ** = - E 
z=i z=i 

From the above calculations, we observe that: 
Lemma 4.1. 

n\K Xl > fi* 2 K X2 ^n> Sl , i = l,...,l^Kx + B>K x + C. 

For any a G let {u^ , . . . , Uj d } = cr n {ui, . . . , v{\. There are an injective 

group homomorphisms 

d d 

Mi- : K = 0Z(i ifcWi J — ► =0Z(r itt)i J 
fe=i fe=i 

d d 

fe=i fe=i 

and surjective group homomorphisms 

< ff : Mia := Hom(A^ ff ,Z) -+ M£ := Hom«,Z), i = 1,2. 

We now introduce some notation. Given ct G E, let ( , )^ : M£ x iV£ — > Z and 
( , ),- i<T : Mj ;CT x iVi )CT — > Z, i = 1,2, be the natural pairing. Given x G R, define 
[a;] G Z by [x] — 1 < x < \x~\ . We define surjective maps (which is not a group 
homomorphism) : M^. — > M it<7 , i = 1, 2, by 

(Mi, CT *(x), (r ifc «i J>i i<7 = r-7-<X. (*i*«* fc )>Jrl e Z 

m Zfc 

(M2,<7*(X), (Si*UiJ>2,<7 = T— (X, (*i*«»J>al G Z 
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where 

XGM^, (Xi,{ti„Vi k )) a G — Z, — (xi, (** fc «i fc )><T- e — z, 

771 j fc 77i fc 77j fc 

For i = 1,2, define (with an abuse of notation) 

Mi* : — > T(S'), (a,x)^(a,K, CT x) 
/Ui* : r(E') -)■ r(Si), (cr, x) (o-, jUi >0 -*x) 

Let 0i(cr, x) (resp. 6yv(cr, x), ©2(c ) x)) be the constructible theta sheaves on 
Mi )K (resp. M^, M 2 , H ) for cr G Si (resp. E 2 ) and x G M 1)CT (resp. M£, 
M 2)CT ). Similarly, let Oi (cr, x) (resp. 6^y(cr, x), ©^(^x)) be the quasi-coherent 
theta sheaves on X\ (resp. Xyy, X 2 ) for cr G Si (resp. S', S 2 ) and x £ Mi CT (resp. 
M^,M 2<a ). 

Proposition 4.2. For i = 1,2, let n* : Q T (X t ) Q T (W) and [x u : Q T (W) -> 
Qr(Xi) be the pullback and pushforward functors of equivariant quasicoherent sheaves. 
Then 

/48>,x) = & w (j*K<r,x)), fax) G r(Ei), 

M»e^(cr, X ) = e^(/i^(cr,x)), (CT,X) G T(S'). 

Proof. It suffices to consider the case i = 1. The first statement follows directly 
from the functoriality property of CCC [FLTZ21 Theorem 5.16]. For the second 
statement, the theta sheaf 6yv(cr, x) is given by the module C[cr^ PI M']. The 
sections of the push- forward are the sections of Q' w (cr, x) whose characters are 
in Mi t(T . Thus fJ-uQ'yyfax) is given by the module C[cr^ Pi M lyCr ]. Notice that 
crY n AI\ a = cr/ -x nMi <7 , and the result follows. □ 

Proposition 4.3. If > s; /or i = 1, . . . , I. Then 

F:=W.o/ij : r(s 2 ) -> T(Si) 

is an injective map of posets: 

fax)<fa,x')^F(a,x)<F(a',x')- 
Proof. For any ct G S, let = /ii i<T */i 2 CT : M 2i(T — ?> Mi i<T . By definition, 

Ffax) = faF a (x)), Ffa, X ') = fa ,F a ,{x')) ■ 
The statements (i) and (ii) below also follow from the definitions. 

(i) Suppose that fax), fax') G T(S 2 ). Then 

fax)<fa,X') 

<^> a Z) a' and (x, SiVi) 2 ,a > (x\ SiVi) 2<C r for all u< G </ n . . . , wj. 

(cr,F CT (x)) < (cr'.F^x)) 
^ <tDj' and (F a (x), ?"i«i)i, CT > {F <yl {x l t ),r i v i )i^ for all v { G cr' n . . .,«;}. 

(ii) If (x, cr) G Af 2 ,o- and Uj e c n {vx, ...,«;} then 

7* ' 

{F C r(x),nV l )l,a = \—(X,SiVi) 2<a -]- 
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By (i) and (ii), it suffices to show that for any k, k' G 



k > k' r— > \-k n 

Si 



=4> is always true, and <= is true if — > 1. □ 

Theorem 4.4. Suppose that fi\Kx 1 > fi 2 Kx 2 ( or equivalently, Ti > Si for i — 
1, . . . , I). Then the dg functor 

F[ 2 : Coh T {X2) -> Coh T {Xi) 
is cohomologically full and faithful. 

Proof. The functor F{ 2 : Q T {X 2 ) -> Q T (X{), restricted on (0 2 ) C Qt{X 2 ), is 
a functor to {&[), since it sends any theta sheaf to a theta sheaf. Therefore F' 12 
restricted on {<d' 2 } C Qt(X 2 ) is a full and faithful functor since F\ 2 := K\ oF^ok^ 1 
is full and faithful due to Lemma |4~T1 Proposition l4.2[ and Proposition ^. 31 Further 
restricting this functor to coherent sheaves (i.e. perfect sheaves), we obtain a full 
and faithful functor F{ 2 : Coh T {X 2 ) ->• Coh T {X 1 ). □ 

Example 4.5. Set N = Z, £ = ft = [3 - 1] and ft = [2 - 1]. The 

stacks associated to Si = (N, S,ft) and X 2 = (-/V, £,ft) are 

*i=P(l,3), * 2 =P(1,2). 

Soi/i A"i and A2 Ziave i/ie same coarse moduli space P 1 . TTie /i&er product W = 
P(l, 6) is constructed from the stacky fan (N, E, [6 —1])- £e£ pi = P + and p 2 = Mr . 

For i = 1,2, let D { C X = P 1 , D M C X x , V 2il C A? 2 , and D< C W fee defined 
as above. In particular, D\ and D 2 are the two torus fixed points in P 1 . Any 
equivariant line bundle on X\ = P(l, 3) is of the form 

£i,(ci,c 2 ) := £>p(i,3)(ci£>i,i +02^1,2) =P*O p i{-^D 1 + C2-D2), ci,c 2 eZ, 

whereas any equivariant line bundle on X 2 = P(l, 2) is of the form 

£2,(01,03) := Cp(i,2)(ci£> 2,1 + c 2 T> 2a ) = P 2 Cpi(y£»i + c 2 D 2 ), ci,c 2 eZ. 

TTie Fourier-Mukai functor F — fj,i* o /i 2 is given by 

F 12 '■ £2,(01,02) ^ £l,(L|ciJ,c 2 )- 

TTie Zine bundle £2,(01,02) * s Q-ample iff ^ + c 2 > 0. In i/iis case, it corresponds to 
the costandard sheaf supported on the open interval (— c 2 ) C M. T/ie constructible 
analogue of the Fourier-Mukai functor is 



F12 :i(_^ :C2)! C ( _^_ :C2) [f] ^ 



i ( _^, C2)! a; ( _^ iC2) if c x is even, 

^(-^ + io2)! W (-^ + |,o 2 ) if C l is 0dd - 



where ijj : U M is i/ie embedding of the corresponding open subset. Note that 
-^12 (£2,(01,02)) * s a ' so Q-ample. 
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4.2. Divisorial contraction: overview. Let N = Z n and ox 2 C A*r be a simpli- 
cial cone generated by rays pi, . . . ,p n . Let w, be the primitive generator of pi H N, 
and Vn+i = aiv±+- ■ ■+a n /v n i for some n' < n with all <Zj S Q>o such that u n +i G -/V 
is primitive. Define crx 1 .i be the n-dimensional cone generated by Vi, 1 < i < n + l 
with i =/= iQ. Then 

n+l 

^2 = (J OXj.io' 
i = l 

Let E2 be the fan consisting of the top dimensional cone ax 2 and its faces, and let 
Si be the fan consisting of top dimension cones ax lt i , 1 < io < n + 1, and their 
faces. Then there is a morphism of fans £1 — > £2, which induces a toric morphism 
/ : Xi = X^, 1 — >• X2 = Xy, 2 ■ Note that X2 is an affinc simplicial toric variety, and 
/ is a toric divisorial contraction. 
Define 

01 = [ r x vx ■ ■ ■ r n v n r n+1 v n+1 ] : Z" +1 — > N = Z n , 

= [ nvi ■ ■ ■ r n v n ] : Z" — ► JV = Z". 

For i = 1,2, one associates a toric orbifold Xi to the stacky fan E$ = (JV, Si, ft). Let 
Pn+i be the ray R + -v„+i, and denote r' n+1 v n +i to be generator of Ti-r n +iv n +i(*\N2,o- 
Then 

n' / 
' II \ I r n+l a i _ to 
r n+l V n+l = 2^ a i( r iVi), := € Z. 

i=l ^ 

Setting 6i = r t Vi for i = 1, ...,n + 1 as in Section [51 a.i — r " r +1 Oi £ Q>o f° r 
i = 1, . . . , nf and cti = for i = n.' + 1, . . . , n, we have b n +i — oa&i + • • • + a n >b n >- 

Let b' n+1 — r' n+1 v n+ i — mb n+ i, there is a similar relation b' n+1 — fi\bi H h ft^, 

where /3- = a ■ G Z >0 . 

Let W be the toric orbifold given by the stacky fan 

£' = (JV,Ei,/3' = [ t\V\ ■■■ r n v n r' n+1 v n+ i ]). 

The identity map N — > N defines morphisms of stacky fans X' — > Si, i = 1,2, 
which induce morphisms /ij : W — Afj of toric orbifolds. For j = 1, . . . , n, let X>i 
2?2,ji and 2?^- be T-divisors associated to pj in Ai, A" 2 , and W, respectively; let 
2?i,„+i and T>' n+1 be the T-divisors associated to p n +i in Ai and W, respectively. 
Then for i = 1 , . . . , n we have 

where a[ — for n' < i < n. We also have 

r n 1 

P*lDl,n+l = — "D'n+1- 

r n +i 



'n+l 



n n n' 

n 

Lemma 4.6. (a) p\Kx^ > p^.^x 2 ^ E ~ — 



. n r.„ 

l—l 
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n 

(b) £K Xl < &K Xa * V -i < 

Proof. From the above computation, 



71 ' n ■ 1 
txlKx^ - fx* 2 K X2 = (j2 a '*- 7 ^r 1 ) V n+i = (H? ~ ; )( r «+i^«+i)- 

v . -, 1 n ' • i % ' n+1 7 

2=1 z— 1 



□ 



Theorem 4.7. Let fa : W — > Xi be defined as above, and let 

F[ 2 := /ii, o fj,* 2 : Perf T (# 2 ) -> Perf T (A' 1 ) 
F21 ~ A*2* o /it : Perf T (#i) -> Perf T (#a) 
&e Fourier- Mukai functors. 

(a) // fj,*K Xl > /ig-fC^ iAen F[ 2 is cohomologically full and faithful. 

(b) If fj,*K Xl < ^2^x 2 then F 21 is cohomologically full and faithful. 

(c) If fi{K Xl — [i 2 K X2 then F[ 2 and F 21 are quasi- equivalences. 

In (c), F\ 2 and F 2 \ are not inverses of each other in general, as we will see in the 
following example. 



Example 4.8. N = 1? , 

o = \ 1 - 1 

pl -2 -1 



1 -1 

-2 



1 -1 

-2 -2 



«i = (l,0), wa = (-l,-2), « 3 = (0,-l), 
ri=r 2 =r 3 = l, r 3 = 2, ai = a 2 = -, a[ = a' 2 = 1. 

X\ is the total space of Opi(— 2), and A'2 = [C 2 /Z2]. Given ci, 02,03 6 Z, 



define 



Then 



'~1,(C 1 ,C2, c 3 ) = O^fi (ciPia + c 2 2?i, 2 + c 3 X>i,3) 



-2,(ci,c 2 ) 



^12 G£2,(ci,c 2 )) 



Oa- 2 (ciD2,i + c 2 X> 2)2 ). 



^i, (ci , C2 ,£i+£2 ); ci+c 2 iseven, 
, £ i,( Cl , C2 ,a±g^l)» ci+c 2 isodd. 



' F 2i(^i,( Cl , C2 ,£i+£2)) = A,( Cl , C2 ), ci +c 2 is even, 
. J ^ 1 ^i,(ci,^, cl+ ^ +1 ) = C Hci+c 2 ) c i + c 2 is odd. 



f-pL2°-Fai(^i,( Cl ,c ai 2i+a ) ) = £i, (ci , C2i £i+£2 r ci +c 2 is even, 

1*12 J 2l( r i,(c 1 , C ,, ^ + °» +1 ) = £ l,(c 1 ,e a , ^ + g»- 1 ) Cl+C2 iSOdd 

TTie corresponding functors for constructible sheaves are shown in Figure 
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(a, b+1) 



(a-l,b+l) 



(a,b+l) 
- -• - - 



F 2 i 



(a, b+1/2) 



(a,b+l/2) 



(a, b+1/2) 



(a,b+l/2) 
# - - 



F 12 



(a,b) (a+l,b) 



(a,b) 



(a+l,b) 



(a,b) 
- - 




Figure 9. a, b are integers. Maps between constructible sheaves 
are induced by inclusion maps of open subsets of R 2 . 



4.3. Divisorial contraction: F{ 2 = Mi* ° M2- Let /i,- : W — > Xi be defined as in 
Section I4T21 Recall that there is a toric morphism / : X\ — )• X 2 which is a divisorial 
contraction. In this section, we study the Fourier-Mukai functor F[ 2 = Mi* ° A*| 
and the corresponding functor for constructible sheaves. We obtain an equivariant 
version of |Ka[ Theorem 4.2 (2)]. 

The pullback map /j, 2 has been studied in I 1.1/2 . The identity map id : N — > N 
induces a morphism S' — > H 2 of stacky fans, which induces a morphism [i 2 : W — > 
X 2 of toric orbifolds. The following square of functors commutes up to natural 
isomorphism by [FLTZ21 Theorem 5.16]: 

<0 ^) _=2_> ( e 2 ) 



1*2 




where k 2 — cs 2 and k' = k^'. Since id is the identity map and id\ is cohomologi- 
cally full and faithful, fj, 2 is also a cohomologically full and faithful functor. 

The toric orbifolds W and X\ have the same coarse moduli space X\ = Xj r 
The pushforward functor /ii* was described in terms of theta sheaves in Section \A. II 
We now describe the composition F[ 2 = /ii* o fi 2 and the corresponding functor F\ 2 
on constructible sheaves. 
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Let cr G £2 be a (i-dimensional cone generated by the rays pi t , . . . , pi k , k = 
l,...,d. Denote tk = {x, r i k v i k )'2,<j € Z for a given x G Ns ta . The theta sheaf 
©2(0", x) G (©2) is the costandard constructible sheaf supported on the submanifold 
given by 

(er v )° = {x G M R : (x, v ik ) > — , k = 1, . . . ,d} 
where ( , ) : Mr x TVr — > R is the natural pairing. 

Proposition 4.9. The Fourier-Mukai functor F{ 2 takes a theta sheaf in (0 2 ) to 
(©i). Moreover, if v n+ \ G a, then the analogue constructible functor F12 = K\ o 
F[ 2 k^ 1 : (62) — > (©l) takes 02(cr, x) to the costandard constructible sheaf on 

F(aY.)° := {x G Mr : (x,v ik ) > — , fc = 1, . . . , d; (a;,u n+ i) > -^-}, 

n k r n+ i 

where 

tn+i = \r„+i G Z. 

i— 1 

Otherwise if v n +i £ cr then F12 (62 (c, x)) = ©1(0', x)- 

Proof. Suppose that cr G £2(0/) an d ^n+i G cr. Let 1^, . . . ,Vi d be defined as above. 
Then we may assume ik — k for k = 1, . . . , n', and 

n < in'+i < ■ ■ ■ < id < n. 

We have 

n 

a = U CTfc 

where crfe G Si(d) is the cone generated by 

"1, • • • , Ufc-l, Wfc+l) • ■ • ) Un'>Wj n/+1 , . . . , w id , w„+i. 

For 1 < jo < • • • < jk < let Oj a ...j k — aj D • • • n cr 3fc G Si(d — fc), and let 
Xjo—jk e ^a-j ...,aj be the image of x £ M2, CT under the group homomorphism 
M2.,j — > M£ . Let P(xi> • • • >Xn') 6 5*^ c (Mr;A S ') be the following cochain 
complex: 

©W Ojo » Xjo ) ©wfoo h > Xjo ,J1 )->■•• • 

i<io<«' i<jo<«i<«' 
Then P(xi, • • • , Xn') is quasi-isomorphic to j( a v )°\'C(a v )° [n]. 

If r, t G Ei and r G r' then there are surjective group homomorphisms f* TT i : 
Mi iT / — > Afi, r and : M£, — s> M£. Recall that the pushforward map /xi*, T is the 
pushforward map of the characters for a single cone defined in Section 14.11 These 
maps are compatible with the restriction map /* : 

MX,T* ° frr' = fl,TT> Ml,T'*- 

Let io ... ifc := Mi,<T io ..., ifc *(Xio-tJ e M liCTiQ ... ifc , and let P(<?!) 1 ,..., (/)„/) G Sft c (M H ;A Sl ) 
be the following cochain complex: 

©i(cr io ,^ ) -> 0i( 

l<zo<n' l<2o<H<n / 

It remains to show that P(<fti, ■ ■ ■ ,4> n ') is quasi-isomorphic to jF(cr v )°\^'F(cr v )° [n]- 
It suffices to prove the following two statements: 
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(i) The piecewise linear function ip : a — > R defined by 4>i € for i 
1, . . . , n' is convex: 

v! 
1=1 

(ii) F(cr v )° = {x e M R I > ip(v) for any t)€uC N R }. 
(i) and (ii) follow from: 

i>{vk) — — , fc = 1, • • • ,n',h, . . . ,id-n',n+ 1 
rk 



t 



n+1 



1 n n + U + 

1 r \ 0,ili , \ ^ Ii 



r n +i r n+ i ^ r. 



"a- 1 

Proposition 4.10. Suppose that — > . We have the following 



□ 

statements 



involving the map F: 

(1) (a^c^^F^rcF^) . 

(2) (<7 V )° £ (o-^) => F(&x)° t F(o%)° andF(a^)°-F(a'^)° is contractible. 

Proof. (1) We only need to show the case a and a' both contain pi, . . . , p n i . It is 
obvious that a D a' . Let v%, . . . , Vi d be the generators of a, and Ui, . . . , Vi , generate 
a' where 1 < d! < d. Similarly to the definition of tk, set t' k — (x' , r i k Vi k )2.<j, and 

at' 

. , ' k 

i=l 

The inclusion (ct v )° C gives i/c > t' k , and a straightforward calculation shows 

tn+i > t' n+1 . It follows that F(cr v )° C F(a'^)° by definition. 

(2) If a c' the statement is trivial. In case that a Z) a' , we must have some 
A: such that t lfcQ < t' ik , which followed by F(cr v )° ^ F(cr^)°. The only situation 
that F(a^.)° — F(cr'Y) is not contractible is that t' k > t fe while t^ +1 = t n+ \, but 
this is impossible since 

, r a kt'ki r Clktk-, 

t n +i - tn+1 = I r n +i 2^ 1 ~ \ rn+i 2^ 1 

i=l rfe i=l rfc 



> [r„ +1 £ " fc ^~^ 1 > [r n+1 2 -1 > Til > 0. 

2 — 1 2 — 1 

□ 

Proposition 14.91 and Proposition 14.101 give the following theorem: 
Theorem 4.11. If [i\Kx 1 > p* 2 Kx^, or equivalently, 

n 1 

E-> — . 

f-f r-j r n+ i 
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then the Fourier-Mukai functor F{ 2 = /Ui* o jj, 2 ■ (0 2 ) — > is a quasi- embedding. 
If restricted on the full dg subcategory Cohr(X 2 ), F[ 2 is a quasi- embedding of 
Coh T {X 2 ) into Coh T (X Y ). 

Proof. Passing to constructible sheaves via CCC, it suffices to work on the con- 
structive theta sheaves since they are generators. The theorem follows from the 
simple facts 

Ext(e 2 (a,x),G 2 (a, X ))= Q . f * ^ ^ * 



and 



Ext*(^( (T v)o ! ((T^) ,^ ((T /v)o ! (CT^) ) 

'C[0] ifF(a x v )°cF(^)°, 

F«) t F{o-%)° and F(cr^) - F{a^,)° is con- 
tractible. 



F, 



12 



(a'fi 




'12 



(o- 



(a-i 6) 



2-) 

a, 6) 



Figure 10. a, 6 are integers. Constructible sheaves are costan- 
dard constructible sheaves over shaded regions. Maps between 
constructible sheaves are induced by inclusion maps of open sub- 
sets of R 2 . 



□ 



, ft 



2 
1 



202 
1 2 



Example 4.12. N = I?, 

2 1 
1 1 

X 2 = [C/Z 2 ]xC, X 2 =C 2 . 

VI = (1,0), W2 = (0,l), «3 = (1,1), 

n =2, r 2 = r 3 = 1, r 3 = 2, on = a' x = 1, a 2 = 1, a 2 = 2. 
For Ci, c 2 , C3 G Z, define 

£l,(ci,c 2 ,c 3 ) = Ox x (c\V\^ + C 2 X>1, 2 + C3fl,3) 

A,( C1> c 2 ) = 0* 2 (ciZ>2,l+C2Z>2,2) =pIO C 2(^£> 2il +D 2 , 2 ) 

T/ien 

''A,(ci,c2,^+C2)' ci is even, 



^12 (A,(ci,c 2 )) - 



/ li(ci , C2 ,£^i +C2); Cl iS0dd. 



24 BOHAN FANG, CHIU-CHU MELISSA LIU, DAVID TREUMANN, AND ERIC ZASLOW 

The corresponding functors for constructible sheaves are shown in Figure \1(A 

4.4. Divisorial contraction: F' 21 = /.i 2 * Mi- Let fii : W — >• Xi be defined as in 
Section 14.21 and Section 14.31 In this section, we study the Fourier- Mukai functor 
F21 = fJ-2* A 1 * and the corresponding functor for constructible sheaves. We obtain 
an equivariant version of |Kal Theorem 4.2 (4)]. 

The pullback map has been studied in |FLT Z2 . The identity map id : N — > N 
induces a morphism E' = (TV, Ei,/J') — > Ei = (iV, Ei,/3i) of stacky fans, which 
induces a morphism fix : W — > X± of toric orbifolds. The following square of 
functors commutes up to natural isomorphism by FLTZ2, Theorem 5.16]: 

(9i) -=2-> (0!) 

Ml I w,| 

<©W> (©w) 

where ki = and k' = Since id is the identity map and id\ is cohomologi- 
cally full and faithful, fi* is also a cohomologically full and faithful functor. 

It remains to study the pushforward map /i2*. Generally speaking, the image 
of <2y™(W) = (Oyy) under the pushforward map ^2* : Qt(W) — > Qt{X2) is not 
contained in Qpp{X 2 ) = (0 2 )- 

4.4.1. Notation. By definition, 

n 

JV 2 ,a. ?! =0Z6 S ; C/V R . 
i=l 

Define 6*, . . . , 6* G M K by (b*,bj) = Then the dual lattice of 7V 2 cr x is given 

by 

n 

M ^x 2 =®a;cM„. 

i=l 

Recall from Section l4~2l that 

n n n 

v n +i = b n+ i = ctibi, b' n+1 = mb n+1 = ^ 

where 

a 1 6 Q>o, a, = —a, £ Q>o, m G Z >0 , ft = ma,eZ >0 

for i = 1, . . . ,n' . We fix the following notation: 

• Let I = {1, . . . , n + 1}, J = {1, . . . , »}, /' = {1, . . . , »'}. 

• Given a proper subset J of /, let uj denote the cone in Nr. generated by 

{v 3 I j G J}. 

In particular, <j0 = {0}, where is the empty set. 
With the above notation, we have 

°~X 2 = °~i = a I-{i a } ^ *0 G 



Si = {ctj \I'<£JCI}, £ 2 = {o-j I J C I}. 
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We define a map A := {J C 7 | V (f. J} -> 2 1 = {J' C 7}, J i-> J', such that 
cj' G £2 is the intersection of all cones in S2 which contains aj G Si. More 
explicitly, 

ifn + l^J, 

~ I ( J - {n + 1}) U J' if ra + 1 € J. 
For J £ A, define A^j = Afi )<7J and Wj = W CTJ ; for J e 2 J , define X 2 .j = A 2iCrj . 
Lemma 4.13. Suppose that J G A, so £/ia£ aj 6 Si. If n + 1 £ J then 

F^ i e[(aj^) = Q' 2 (aj, ( f>) 

for any <fi G Mi l<rj = M 2 , aj - 

Proof. If n + 1 ^ J then /Xj : W — >■ Aj restricts to the identity map Wj — > 

i = 1,2. '□ 

We will consider the case n + 1 G J later. 

By definition, Ni ltTiQ = Z&j. Since the cones o~x 2 an d o~i are n-dimensional, 

one may regard M 2 ,ax 2 an d -^i,o-« as subsets in Mr, embedded in a canonical way. 
Straightforward calculations show that 



Lemma 4.14. 



K I0 = ^-% o )e0Z-^ffi Z6J. 



4.4.2. Reduction. We fix «o G 7'. Define fii t i := /-ti|vv„. : W CTio — > Ai )0 - ( and 
Ma,» D := M2|w„ io : >V(r 4o -> X 2y a X2 = A 2 . Define F 2 ' lii(J = jU 2 ,i * °A 1 i,i - Suppose 
that J G A and aj C Oj . Let j : Xx t j — > Xi )(Ti be the open embedding. For every 
<f> G Mi, CTJ , define Qx^aj,^) :=j*0 Xli M G Q^"(Afi )CT<o ), Then 

72i 9i (a j,4>) = j CT<0 . F 2Mo 9^ (a j, 0) , 

where j CTiQ : X\^ aiQ » X\ is the embedding of <%i,a- io ■ Every a,/ G Si is contained 
in <jj for some io G 7', so it suffices to describe 7 1 i2,i f° r an y *o G 7'. 

4.4.3. Coordinate rings. For some «o S 7', we define the following notations. 

• For i G 7' — {i }, define 

Xl = x b * G C[M 2>ax2 ], Vl = x 6r "^ 6< "° G C[Mi,„J, 

where x b; is defined as in [Ful Section 1.3]. 

• Define 

6* bf 



y l0 - x Q *° g c[Mi, CTiD ], z = x mQ *° g c[m;. 

In particular, yi = z m . 
• For i G 7 — 7', i.e. n' + 1 < i < n, define yi = \ hi ■ 
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• Define rings 

A x := C[alnM haio ]=C[ yi ,...,y n }, 

A' := C[cr, v o n M' ai J = C[yi, . . . ,yi -i,z,y io+1 ,y n ], 

A 2 := C[ax 2 nM 2 , ( r X2 } = C[x 1 ,...,x n >,y n > +1 ,...,y n ], 

We define 

C/i = SpecAi, J7' = SpecA', U 2 = SpccA 2 . 
Then U\, U' , and U 2 are isomorphic to C n . Define 

I\ = SpecC[M li<r J, f' = SpecC[M;j, f 2 = SpecC[M 2 ,« 2 ], T = SpecC[M]. 

Then fi, f f 2 , and T are isomorphic to (C*) n . fi, T", and f 2 act on U u U', and 
f7 2 , respectively. 

There are short exact sequence of abelian groups 

1 -> Gi -> fi -> T ->• 1, 1 -> G' ->• f ' ->■ T -> 1, 1 -> G 2 -> T 2 ->• T -> f . 

where Gi, G', and G 2 are finite groups. We have 

X haio = [C/!/G 2 ], W CT0 = [C/'/G'], X 2 = [U 2 /G 2 ]. 

The morphism ^ii jio : W CTio — >• Xi t<Ti lifts to (fr : V — > C/i, where 

• ■ • , Vi -i,z, y io+ i, ...,y n ) = (yi,..., y io -i,z m , y io +i, y n ). 

The morphism yU 2:io : W<7 io — >■ <f 2 lifts to g 2 : U' — > C/ 2 , where 

02(2/1, ...,y io -i,z,y io+1 , ...,y n ) 
= (yiz Pl , • • • , j/ lo _i2; ft o-i i z ft 1 y 4Q+lZ ft 0+ i ; _ _ _ ^ 2/ „, 2 ; /3 "' , y n , +u - ■ ■ , Vn) 

Suppose that J e A. Then J C cr io for some « G I'. We fix i and J, and 
assume that n + leJ. Define 

^i=/-J-{io}, K 2 = I-J'. 

Define rings 

Si - Aifor 1 ]^, B' = A'[yr% eKl , B 2 = A 2 [y^] ieK2 . 

where Ai[y^ 1 ] ie K 1 is the ring A\ adjoint with y^ 1 for all i £ K\, etc. 
We define 

V l = SpecBi, V"' = SpccB', y 2 = SpccB 2 . 
The inclusion Ai C Bi, j4' C B' , and A 2 C -B 2 induce open embeddings 

Vy c L/i, V" c U', V 2 c f7 2 . 

We have 

Xi,j = [V 1 /G 1 ], Wj = [V'/G'l X 2 ,j, = [V 2 /G 2 \. 
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4.4.4. Sheaves and modules. 0[ ia (aj, 4>) corresponds to a Ti-equi variant quasi- 
coherent sheaf ®i t i (o-j, <fi) on U\, and i*2M @i,i ip.U <fi) corresponds to the T 2 - 
equivariant quasicoherent sheaf g 2 *giQ'i.i (o\7, <fi) on J7 2 . Let H be the kernel of 
f ' f 2 . Define 

q 1 = r(U!, e' Mo (a 7 , 0)), q' = r(t/', 3 *e' Mo (aj, 0)), 
Q 2 = r(c/ 2 ,^ 1 e / liio (<7 J ^)) = r(c/', 5l e / liio ( ( 7 J ^)) ff , 

Then 

(1) 6'i j (o\/, 0) is the Ti-equivariant quasicoherent sheaf on J7i defined by the 
Ti-equivariant Ai-module Q\. 

(2) .9iG'i ! i (o'j, (/)) is the T'-equivariant quasicoherent sheaf on V defined by 
the T'-equivariant A'-modulc Q' . 

(3) .92*3i©i i (cj, 0) is the T 2 -equivariant quasicoherent sheaf on (7 2 defined 
by the T 2 -equivariant A 2 -module Q 2 . 

More explicitly, (f> £ Mi ;Crj is determined by Cj = (0, 6j) 6 Z, i £ J. We have 

Qi = C[(a 7 ) nM liCTio ] = ^; +1 .( [] 

jeJ-{n+i} 

q' = c[(4nM;i = ^'.( J] 

ieJ-{n+i} 

Q 2 = C[H^nM:.]nC[M 2w J 

c r,-\- 1 

-<Xj/<Xi \Ci 



iejn/' jeJ'-i' 



where 



c[m 2 , CTX2 ] = cixi^r 1 ,...,^,^, 1 ,^.^!,^,^,...,^,^ 1 ]. 



Here we use z = a; io *° and yi — XiX ia 10 for i £ I' — {io}. 
Finally, we remark that 

(1) Qi is a free Si-module of rank 1, and defines a line bundle 0^(0) on 
Vi = SpecBi. 

(2) Q' is a free S'-module of rank 1, and defines a line bundle Ov{4>) on 
V = SpccS'. 

(3) Q 2 is a £? 2 -module, and defines a quasicoherent sheaf on V 2 = SpecB 2 . 

4.4.5. Koszul resolution. Q 2 is not finitely generated as a £> 2 -modulc. The goal 
of this section is to find a resolution of Q 2 by free B 2 -modules. The following 
observations are useful: 

(i) Let B = C[x io ,y n > +1 , ...,y n ] <2>cC[yj~ 1 ]jeK 2 - Tnen -B is a subring of Bi, so 
Q2 can be viewed as a i?-module. We observe that Q 2 is a free £i-module. 
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(ii) B2 = i?[xj]j 6 //_{ io } can be viewed as a B-module. We have the following 
exact sequence of 5-modules (the Koszul complex): 

° -> ( n x ^ Bi — > xix i Bi 

jel'-{i } i,jeI'-{io},i<j 

— ► x o B i — ► Bi — > B — > 0. 

jer-{ia} 

Note that 

• The set I' — {i } is the disjoint union of I' H J and V V\K\. 

• The set J' is the disjoint union of V and J' —7'. 

For any m = (mi) i£/ i_; io } , where m, G Z> if i G 7' n J and G Z if V n i^i, 
We define 7(m) G M 2iCr , as follows. 

7 ( m ) : = [^^±i_J_(^ a .( c . +m .) + ^ a^)K 
a J0 «*o ieI>nJ iei'nKr 

+ {ci + mi)b*+ J2 m A*+ 

iei'nj iei'nid ieJ'-i' 

Define 

T := { 7 (m) I mi G Z> if i G 7' n J; m 4 G Z if i G /' n #1} C M 2 , CT; , . 
For any \ = J^jgj' ^j^j ^ Af2 )ffj , , denote the monomial 

A II ' II 

Then Q 2 is a free B-module generated by {f x \ \ G T}: 

Q2 = ($.f x B. 

xer 

Multiplying the exact sequence in (ii) by f x , and taking the direct sum over all 
f x for x G r, one arrives at the following resolution of Q 2 by free -B 2 -modules: 

°^0( n ^)/^2 >0 ^/ x b 2 

xer ie/'-{M xer i,jer-{i a }, i<j 

^0 ^52— >©/ x B 2 ->Q 2 — >o. 

xerie/'-{i } x er 
4.4.6. Resolution by theta sheaves. 

Lemma 4.15. TTie Fourier-Mukai transformed sheaf F21& (a j , (j>) admits the fol- 
lowing resolution 

-»• 0e 2 (^, x + 2 6 j)_,..._,0 e 2 (^ )X + 6? + &-) 

xer ie/'-{M xer i,.je/'-{M, »<j 

— >0 e , 2(^,X + b*)^^e , 2 (aj,,x)^F^e , 1 (aj,^^0. 

xerie/'-{i } x er 
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Taking the coherent-constructible correspondence functor k to the resolution, we 
obtain a chain complex of constructible theta sheaves on Mr 

o -> 0e 2 (^, x + E &?)—>■•■—►© ®2(*j',x + b* + b*) 

xer ie/'-{i } xeri Ji3 e7'-{i }, i<j 

-^0 e 2 (^, x + 6*)^0e 2 (^,x)^- 

xeriei'-{i„] xer 

Although this complex is not finitely-generated by 92-sheaves on Mr since it in- 
volves countably-many direct sums, it is a constructible sheaf on Mr. Thus we 
have obtained a functor denoted by F 2 \ : (0i) — > Sh c (MR] As 2 ). 

For the given a,j and 4> G Mi i<7J , define the "Fourier- Mukai transformed set" 



V 
X' 

xer 



while similarly we denote F((aj)^)° to be the interior of the above set. (In case 
that n + 1 J, we simply set F(aj)^ = (oj)^)- We have the following proposition 
characterizing F 2 i(Q\(aj, <j))). 

Proposition 4.16. 

F 2 i(Qi(crj,(j))) = i ! w F ( ((7J )v ) o, 

w/iere i : ((oj)^)° ^ M R is i/ie embedding of the open subset, and ujf((<t ,) v )° * s ^ e 
costandard constructible sheaf on this set. 



Proof. In order to prove the resolution of F 2 i(9i(crj, 4>)) is quasi-isomorphic to 
w F (( CTJ ) V )o , we only need to show they are quasi-isomorphic at every stalk p G Mr. 
If p $ F((<tj)^)° the stalk of the costandard sheaf (i\^F(((rj) v ) )p — 0, while the 
stalk (i ? 2 i(@i(cj, 4>))) p is also a zero complex. It remains to show that when 
p G F((ctj)^)°, the stalk (F 21 (Qi(aj, <^))) P is quasi-isomorphic to (ituj F ^ a J - ) v )0 ) p = 
C[0]. 

Let p = Er=iPi & J e M «' and r W = fa £ T | P £ (k/')*) }- Set m» = 
[pi] — 1 — Cj for z G i 7 n J, and = — 1 if z G J' fl K\. The character 
7° := 7(mJ, . . . , mj ^ m? +1 , . . . , m",) is the unique element in T(p) such that 
7° - b* T(p), for any i E I' - {i }. For any \ € r(p) - {7 }, denote 

/i = {ie/'-{i }|x-6i er(p)). 

With these notations, the last two terms of the stalk (-F 2 i(6i(crj, (j)))) p is 

> > >■> 

xer( P )-{ 7 "}ie/; xer( P ) 

where C x = C is indexed by the character \. The image of the middle arrow 
is ©xer(p)-{ 7 } C x- Tnus one defines a chain map g : {F 2 \{@i{a j, (()))) p ->■ C[0] 
where 

go : C x -> C 

xer(p) 

(^x)xer(p) E 
xei>) 
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and qj = for j ^ 0. This map induces the cohomology map H*(q) = id : C[0] — > 
C[0], and it is a quasi-isomorphism. □ 

Remark 4.17. Although the definition of F(crj)^ ) relies on the choice of some 
io £ I' — J, the above proposition shows it is the support of the cohomology sheaf 
of F2i(®i(aj , <fi)), which is independent of the choice of i^. 

4.4.7. Full and faithful functor. Let aj 1 ,crj 2 G Ei, <j>\ G Mi ;<TJi and </> 2 G Mi j(T;2 , 
where Ji, J 2 G A = { J C I \ V <t J}. Define 

_ |(^l,&i)<rj i; * C Ji, ^ _ j (^2,bi) a j 2 , i<ZJ 2 , 

l—oo, otherwise; '* 1— oo, otherwise. 

Define the polyhedral set C{t\, . . . , t n +i) C Mr to be 

C(ii,...,i„+i) := {x G Mr (x,6 4 ) > i*}. 

In the remainder of this subsection, we let Ci and c 2 denote (c\ t i, . . . , Ci >n ) and 
(c 2; i, . . • , c 2; „), respectively, and write t for (t\, . . . ,t n ). 

It is obvious that C{c u c Ml+1 ) = ((ctjJ^)", and C(c 2 , c 2 ,„+i) = ((o\j 2 )^ 2 )°. 
Furthermore, define D(t,t n+ i) to be 

D(t,t n+ i) := {.x G Mr I (x,bi) > U, i = l,...,n; (x,b n+ i) > t n+ i}. 

Lemma 4.18. If n+1 € Ji, for any 4>i G M\_ aj there is an si G [ci. n+ i, c\ t . n+ i + 1) 
sitc/i t/iat -D(ci,si) C ^((cji)^) - 77ie same result holds for J 2 as well. 

Proof. Let x = x\b\ + • • • + x n+ i&* G Z)(ci,si), for some si = Ci >n +i + e where 
e > will be determined below. Recall that in the definition of ^((ojj^) , we 
have chosen an i G I' — J\ . Without the loss of generality, in this proof we assume 
io = 1. Set 

J \xi] - 1 - cij, i G Ji n 
m,- = < 

iG/'-(JiU{l},) 

and m = (m 2 , . . . , m„<) G Z" _1 . It suffices to show that x G )^( m ))° after we 
specify a particular e G (0, 1) (which depends on <px but not on x). The coordinate 
xi satisfies 



xi > 



1 ™ 
— (si - V^ajXi) 



> — (si - ^2 {mi + ci,i + l)ai - ^2 ( m i + !)«») 
ai ieJin/' j e /'_(j 1 u{i}) 

> — (ci,„+i + (e - 1) + 1 - V* (mj + ci,i + l)a, - V" (m» + l)aj) 

ieJin/' ie/'-(Jiu{i}) 

> — (ci,„+i + (e - 1) + ai - V" (mi + ci,i)ai- V" mia,). 

ie./in/' ie/'-(JiU{i}) 

The last inequality depends on the fact £*! + •■• + a n > < 1. For any m' = 
(m' 2 ,...,m' n ,) G Z n '-\ define 

u(m') = — (ci, n+ i - V (m- + ci ; i)a!i - V m-ai). 

i€Jin/' i£J'-(JiU{l}) 
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Since at, . . . , a n > are rational numbers, 

A{fc) := {u(m') + 1 - r«(m')l I m' G Z"'" 1 } 
is a finite subset of (0, 1]. Define 

e:=l-yminA(^)6(0,l). 

Then 

xi > u(m) + 1 + > r«(m)l + - min A^x) > \u(m)~\, 

Oil I 

which implies that x G {{v J{)^i{m))° ■ ^ 

The lemma above implies the relation D(c\,s{) C ^((cjj^) C C{c\, ci,„+i). 
Moreover, given 

z = xi&J + • • • + x n b* n G ^((trjj^) - i?(ci,«i) 
and any I £ I', there is a unique 

Oi>i,i0) = ^l&i H h Xi_i6*_! + + H h x„6* 

such that (rj 1> 11 ;(x), 6 n +i) = St, where x; > x/. Meanwhile, given 
x = x x bl + . ..x n b* n G C[cx,c hn+ i) - Fiiaj^J 
and any I £ I', there is also a unique 

r 'j u M = Xlb *i + • • ' x i-i b i-i + x 'i b i + x i+i h *i+i H 1" 

such that (rj i (?ii); (x),6 n+ i) = ci,„ + i, where xj < x;. 

Proposition 4.19. Let J\ and Ji be two proper subsets of I such that n+1 G Ji, J 2 . 
If t (MIT, then F^JYJ £ F(( ffJs )YJ°, and F^j^f - 

F((o~j 2 )^ 2 )° is a contractible set. 

Proof. Since {{o'j 1 )^ 1 ) <£. {{o'j 2 )^ 2 ) , we have some Ctj < c 2j ; for some I. Recall 
that in the definition of F(aj)^ we have chosen an iq £ I' — J. Here we fix 
?'i,o G I' — J\ and i 2 ,o G V — Ji. We prove the statement in the following two cases. 

Case I — n + I: Let st G [ci in +i, ci.„+i + 1) be as given in Lemma 14.181 so that 
D(ci,«i) C F^jJYJ . By definition, F((«7 Ja )^)° C C(c 2 , c 2 ,„ +1 ). Therefore, 
the non-empty set 

D(c uSl ) - C(c 2 ,c 2 ,„ +1 ) C FfajJU" - F((a j2 )^ 2 )°. 

We will show that there is a deformation retract 

ht : (FdajJlT - F((aj 2 )l)°) x [0,1] -+ F(( ffJ J^)° - F(( CTj2 )^ 2 )°, 

such that /io = id and the image of /ii is inside D(ct, St) — C(c 2 , c 2 , I1+ i), while /ii 
is the identity map on £>(ci, si) — C(c 2 , c 2 n+ i). Given x = rrifr* + • ■ • + x„6* G Mr, 
the retract ft, t is defined as 

fix + (1 - t)r Ju<t>1 ^ (x), if x G i^jvjo _ (jD ( Cl) Sl ) u F((a j2 )YJ°) 

/i t (x) = < x, if x G D(ci,si) - C(c 2 ,c 2 ,„ + i) 

[tx + (1 - tjr^^ o (x), if x G (C(c 2 ,c 2 , n+1 ) - F((<7 Ja )YJ ) n FdajJD*. 

Since the closures of D(ci, s±) and C(c 2 , c 2j „ + i) are dual cones of toric cones in a 
fan, D(ci,si)— C(c 2 ,C2, n +i) is contractible. Hence we conclude that F((crj 1 )Y )° — 
^((oV-JY )° is contractible. 
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Case I =/= n + 1: In this case, one may assume that ci, n +i > C2,n+i since otherwise 
we might let I to be n + 1 and goes back the the previous case. Similarly, we define 
a deformation retract 

ht ■ (FdajJlr - F((a j2 )l)°) x [0, 1] -> i^jYj* - F((aj 2 )D°, 

given as below. 

h (x) = Ux + (l - i)r JlA , fa , (i), if a: e Ffttrjjv) - (D(c 1)Sl )Uf(h)j;); 
\s, if a :GD(ci 1 ai)- J F(( ( 7j 2 )^) . 

Since C(c 2 ,s 2 ) C F((aj 2 )^ 2 )° C C(c 2 , c 2 ,„+i), we have 

D(c 1 ,ai)-C(c a ,02, )H -i) C D(ci,si) -F((ffj a )^)° C D(a, s x ) - C(c 2 , s x ). 

The fact that ci ; „+i > c 2 n+ i implies si > s 2 > C2, n +i- Therefore 

D(ci,si) - C(c2,C2, n +i) = -D(ci,si) - C(c 2 ,s 2 ), 

and then 

D(ci, si) - F((a j2 )^ 2 )° = D(ci,«i) - C(c 2 , c 2 ,, i+1 ) 

is a non-empty contractible set. The above deformation retract shows that Fijjjj^ )^ >1 )° — 
F((<Jj 2 )]p 2 )° is also a contractible set. □ 

Proposition 4.20. Ifn+lgJi or n + 1 J 2; i/ien 

((^1)^1 )° £ ((^2)^)° => Fdaj^y - F((<Tj 2 )fa)° is a non-empty contractible set. 

Proof. The proof is similar to Proposition 14.191 There are three cases. 

Case n + 1 g" J\, and n + 1 € J 2 : Notice that ^((cji)^) = C(ci, Ci >n +i). Let 
zi,o El' — Ji, since V <£. J\. Define the deformation retract between ^((ojj^) — 
^((o^)^)" and C(ci,ci, n+ i) - C(c 2 , c 2 ,„+i) as 



/it(x) 



if a; G C(ci,ci,„+i) - C(c 2 , c 2 , n +i) 
tx + (1 - i)^ 2)02)il ^ ^ G (C(c 2 , c 2 ,„ +1 ) - F((ff Ja )YJ°) n C( Cl , ci,„ +1 ). 

Case n+1 G Ji, and n+ 1 £ J 2 : F((crj 2 )^ 2 )° = C(c 2 , c 2 ,„+i). Let i 2)0 G 
/' — J 2 . Define the deformation retract between F((crj 1 )Y )° — F((o-j 2 )Y)° and 
D(ci,si) - C(c 2 ,c 2 ,„+i) as 

^(x) = ( te + ( 1 - t ) r JiA,i»,»( 1 )' if 1 e Fdaj^J - (£>(ci,si)UC(c 2 ,c 2 , n+ i)) 
|x, if a; G L>(ci,si) - C(c 2 ,c 2i „+i). 

Case n + 1 ^ Ji and n+1 J 2 : This is trivial since F '((a j 2 )]p 2 ) = C(c 2 , c 2jIi+ i) 
andF^ajJv )° = C(c l!C i, n+1 ). 

□ 

Theorem 4.21. TTie functors and F21 are quasi- embedding s. If restricted on 
CoIit{Xi), F21 is a quasi- embedding of Co\it{X\) into Co/Vr(,Y 2 ). 

Proof. One only needs to show that F21 is a cohomologically full and faithful func- 
tor. Since we have 

Ext^e^^er^)) = { C M if «**>*>° c 
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and 

Ext*(i F((CTJi) v i) „ !J F(( f 7 Jl )^ i ) ,i F((ffj2) v 2) o !J F((aj 2 )^)° 
fC[0] iiFdaj^ircFdaj^ir, 

F((v h )l)° t F(Mt)° Ffajjyj* - Ffaj^y is con- 
v tractible, 

the desired result follows immediately from Proposition ^. 4.61 Proposition ^. 191 and 
Proposition 14.201 and the simple fact that 

(Ml)°c((aj^) FdajJiycFdaj^iy 



V \o 

□ 





F 2 l 

(a,b) (a+l,h) » (a-l,b) (a,b-l/m) (a-l,b) (a,b) (a+l,b) 




Figure 11. a and b are integers. The constructible sheaves are 
costandard sheaves over the shaded regions. 



Example 4.22. N = 

> jl - -m 



1? 



1 -1 

— m 



1 -1 

— m — m 
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X\ is the total space of Ofi (— m), and X 2 = [C 2 /Z m ]. 

Vi = bi = (1,0), v 2 = b 2 = (— 1,— m), u 3 = 63 = (0, -1), 

ri = r 2 = r 3 = 1, = m, a x = a 2 = c*i = a 2 = — , a'i = 4 = A = £2 = 1- 

m 

a-i 02 1 

— + — < — ^ m > 2. 

fi r 2 r 3 

The Fourier-Mukai functors for constructible sheaves are shown in Figure 
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